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SYSTEMS WITH THE APPROXIMATE PRODUCT PROPERTY
Peng Sun
China Economics and Management Academy
Central University of Finance and Economics
Beijing 100081, China
Abstract. We show that for every topological dynamical system with the
approximate product property, zero topological entropy is equivalent to unique
ergodicity. Equivalence of minimality is also proved under a slightly stronger
condition. Moreover, we show that unique ergodicity implies the approximate
product property if the system has periodic points.
1. Introduction
It has been a historic question how the properties of a dynamical system are
determined by its topological entropy. Usually we tend to regard that a system
with zero topological entropy is considerably simple, while positive topological en-
tropy often comes with a rich structure. Such facts can be shown for systems in
certain classes. For example, in the seminal work [11] Katok showed that for C1+α
diffeomorphisms on a surface, positive topological entropy is equivalent to the ex-
istence of horseshoes. On the contrary, there are zero-entropy systems that are
in some sense complicated, as well as positive-entropy systems that are in some
sense simple. The question raised by Parry whether strict ergodicity implies zero
topological entropy has a negative answer in the most general setting. See Section
4 for examples with more details.
As the theory of hyperbolicity had been developed, Herman expected a positive
answer to Parry’s question in the smooth case. Katok then suggested a more am-
bitious conjecture that every C2 diffeomorphism has ergodic measures of arbitrary
intermediate entropies, i.e. for each α ∈ [0, h(f)), where h(f) denotes the topo-
logical entropy of the system (X, f), there is an ergodic measure µα such that its
metric entropy satisfies hµα(f) = α. Partial results on Katok’s conjecture have been
obtained in [8, 11, 12, 19, 20, 21, 22, 25, 26, 27, 28, 29]. The success of specification-
like properties that played pivotal roles in [8, 19, 25, 27] urges us to consider classes
of systems with such topological properties, which are closely related to some sort
of hyperbolicity.
Specification-like properties are weak variations of the specification property in-
troduced by Bowen [5]. Since his pioneering works, plenty of interesting results have
been obtained through various specification-like properties. Among these proper-
ties, the approximate product property introduced by Pfister and Sullivan [17] is
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almost the weakest one. In [27], we have verified Katok’s conjecture for every
system (X, f) that satisfies the approximate product property and asymptotically
entropy expansiveness. In fact, we obtained a much stronger result, a description of
the subtle structure of M(X, f), the space of invariant measures, concerning their
metric entropies. In particular, such a system (X, f) must have zero topological
entropy if it is uniquely ergodic.
Theorem 1.1 ([27, Theorem 1.1]). Let (X, f) be an asymptotically entropy expan-
sive system with the approximate product property. Then (X, f) has the generic
structure of metric entropies, i.e. for every α ∈ [0, h(f)),
Me(X, f, α) := {µ ∈M(X, f) : µ is ergodic and hµ(f) = α}
is a residual (dense Gδ) subset in the compact metric subspace
Mα(X, f) := {µ ∈ M(X, f) : hµ(f) ≥ α}.
This paper mainly goes in the opposite direction. Let (X, f) be a system with the
approximate product property. Theorem 1.1 does not make sense if the system has
zero topological entropy. It is natural to ask what happens in the zero-entropy case,
which also provides conditions for the system to have positive topological entropy.
The entropy denseness property proved in [17] indicates that ergodic measures are
dense in M(X, f). However, entropy denseness does not guarantee the existence
of multiple ergodic measures. We shall show that M(X, f) is actually a singleton
if (X, f) has zero topological entropy. Moreover, we show that the converse is also
true even if asymptotic entropy expansiveness is not assumed.
Theorem 1.2. Let (X, f) be a system with the approximate product property. Then
(X, f) is uniquely ergodic if and only if (X, f) has zero topological entropy.
We remark that the main difficulty we encountered in the proof of Theorem 1.2
comes from the variable gaps caused by the way we define the approximate product
property. Similar difficulties also arise in the works [23, 24, 26] of the author.
Each of these works presents a different solution to this issue. Dealing with the
variable gaps is not a crucial ingredient in other works on the approximate product
property or the gluing orbit property, such as [4, 17, 27]. However, it is just this
issue, as well as our results, that reflects the substantial difference between the
weaker specification-like properties and the stronger ones.
Theorem 1.2 is more than a positive answer to the question of Parry and Herman
in the class of systems with the approximate product property. Along with the
results in [17] and [27], we have a dichotomy on the structure of M(X, f) for a
system with the approximate product property, which is completely determined by
its topological entropy:{
h(f) = 0 ⇐⇒ M(X, f) is a singleton.
h(f) > 0 ⇐⇒ M(X, f) is a Poulsen simplex.
Moreover, when h(f) > 0, if in addition (X, f) is asymptotically entropy expan-
sive, then the system has the generic structure of metric entropies as described in
Theorem 1.1. Readers are referred to [15, 18] for more details about the Poulsen
simplex.
We have shown in [26] that a zero-entropy system with gluing orbit property
must be minimal and equicontinuous. This does not hold for systems with the ap-
proximate product property. A zero-entropy systems with the approximate product
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property may be topologically mixing or may not be topologically transitive. See
Example 4.3. We have shown in [27] that both unique ergodicity and zero topolog-
ical entropy can be derived from the approximate product product and minimality.
It turns out that non-minimality is caused exactly by the mistakes allowed in the
tracing property (1) in the definition of the approximate product property. Consid-
ering this, we introduce a new notion between the approximate product property
and the tempered gluing orbit property introduced in [27]. Under this so-called
strict approximate product property (see Definition 2.4), minimality is also equiva-
lent to zero topological entropy.
Theorem 1.3. Let (X, f) be a system with the strict approximate product property.
Then the following are equivalent:
(1) (X, f) is minimal.
(2) (X, f) is uniquely ergodic.
(3) (X, f) has zero topological entropy.
Comparing Theorem 1.3 with the result in [26], we are still not sure if in the class
of systems with the tempered gluing orbit property or the strict the approximate
product property, zero topological entropy implies uniformly rigidity or equiconti-
nuity.
By examining the examples we find that some phenomena appear in a more
general way, as exhibited in the following theorems.
Theorem 1.4. Let (X, f) be a system with a periodic point p ∈ X. Then (X, f)
has the approximate product property and zero topological entropy if and only if
(X, f) is uniquely ergodic, i.e. the periodic measure supported on the orbit of p is
the unique ergodic measure for (X, f).
Remark. In case that (X, f) has no periodic point, unique ergodicity does not
imply either the approximate product property or zero topological entropy. See
Example 4.2.
Theorem 1.5. Let f : I → I be a continuous map on a closed interval I. Then
(I, f) has the approximate product property and zero topological entropy if and only
if it has a unique attracting fixed point, i.e. there is p ∈ I such that f(p) = p and
lim
n→∞
fn(x) = p for every x ∈ I.
Theorem 1.5 provides a complete description of continuous interval maps with
the approximate product property and zero topological entropy. By [14, Corollary
40] and [4, Example 3.1], a continuous graph map has the approximate product
property if it is topologically transitive. As a corollary, we obtain another proof
of the fact that a topologically transitive continuous interval map (or graph map
with at least two periodic orbits) must have positive topological entropy (cf. [1,
Theorem A]).
We remark that by [3] and [6], a continuous interval map has the exact specifi-
cation property (see Definition 2.7) if and only if it is topologically mixing. By [1,
Theorem B and C], a totally transitive continuous graph map has the periodic spec-
ification property if it has periodic points, otherwise it is topologically conjugate to
an irrational rotation and hence has the gluing orbit property. It is an interesting
question to ask if there are any other conditions that are related to specification-like
properties for graph maps.
4 PENG SUN
Specification
Exact
Specification
Gluing Orbit
Tempered
Gluing Orbit
Strict Approximate
Product
Approximate
Product
Almost
Specification
Tempered
Specification
Figure 1. Relations between specification-like properties
Readers are referred to the book [7] and the survey [14] for an overview of the
definitions and results of specification-like properties. More discussions on the glu-
ing orbit property, the tempered gluing orbit property and the approximate product
property, as well as various examples, can be found in [4, 23, 27]. The relations
between various specification-like properties, in our terminology, are summarized
in Figure 1. Analogous relations hold for periodic specification-like properties.
Notions and results in this paper naturally extends to the continuous-time case,
i.e. flows and semi-flows.
2. Definitions and Basic Properties
Let (X, d) be a compact metric space. Let f : X → X be a continuous map.
Then (X, f) is conventionally called a topological dynamical system or just a system.
We shall denote by Z+ the set of all positive integers and by N the set of all
nonnegative integers, i.e. N = Z+ ∪ {0}. For n ∈ Z+, denote
Zn := {0, 1, · · · , n− 1}.
We fix a metric D on M(X, f) that induces the weak-∗ topology. Readers are
referred to [30] for preliminary knowledge about entropy and invariant measures.
Definition 2.1. Let C = {xk}k∈Z+ be a sequence in X . Let S = {mk}k∈Z+ and
G = {tk}k∈Z+ be sequences of positive integers. For δ, ε > 0 and z ∈ X , we say
that (C ,S ,G ) is (δ, ε)-traced by z if for each k ∈ Z+, we have∣∣{j ∈ Zmk : d(f sk+j(z), f j(xk)) > ε}∣∣ ≤ δmk, (1)
where
s1 = s1(S ,G ) := 0 and sk = sk(S ,G ) :=
k−1∑
i=1
(mi + ti − 1) for k ≥ 2. (2)
Remark. Definition 2.1 naturally extends to the case that C ,S ,G are finite se-
quences, which allows us to define periodic specification-like properties by asking
that the tracing point z is periodic.
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Definition 2.2. The system (X, f) is said to have the approximate product prop-
erty, if for every δ1, δ2, ε > 0, there is M = M(δ1, δ2, ε) > 0 such that for every
n > M and every sequence C in X , there are a sequence G with maxG ≤ 1 + δ1n
and z ∈ X such that (C , {n}Z
+
,G ) is (δ2, ε)-traced by z.
The approximate product property was introduced by Pfister and Sullivan [17]
to prove large deviations for β-shifts. Definition 2.2 is equivalent to the definitions
given in [17] and [27]. Our proof of Theorem 1.2 is based on the following fact
related to entropy denseness, which is implicitly proved in [27].
Proposition 2.3 (cf. [27]). Let (X, f) be a system with the approximate product
property. Then for every µ ∈ M(X, f), every η, ε, β > 0, there is a compact
invariant subset Λ = Λ(µ, η, ε, β) such that D(µ, ν) < η for every invariant measure
ν supported on Λ and h(Λ, f, ε) < β, where h(Λ, f, ε) is the topological entropy of
(Λ, f |Λ) calculated at the scale ε.
It is the mistake δ2 > 0 allowed in (1) that introduces non-minimal examples
of zero-entropy systems with the approximate product property. So we suggest a
stronger condition under which minimality can be guaranteed by zero entropy and
unique ergodicity.
Definition 2.4. The system (X, f) is said to have the strict approximate product
property, if for every δ, ε > 0, there is M = M(δ, ε) > 0 such that for every n > M
and every sequence C in X , there are a sequence G with maxG ≤ 1+δn and z ∈ X
such that (C , {n}Z
+
,G ) is (0, ε)-traced by z.
It is clear that the strict approximate product property is stronger than the
approximate product property and weaker than the tempered gluing orbit property
introduced in [27]. We remark that the difference between the strict approximate
product property and the tempered gluing orbit property is not in the description
of the gaps (δn vs a tempered function), but in the lengths of the orbit segments
(equal lengths vs variable lengths) that can be traced.
In [27], we have shown that minimality implies both unique ergodicity and zero
topological entropy.
Proposition 2.5 (cf. [27, Section 5.3]). Let (X, f) be a system with the approx-
imate product property. If (X, f) is minimal, then it is uniquely ergodic and has
zero topological entropy.
Theorem 1.3 is a combination of Theorem 1.2, Proposition 2.5 and the following
proposition.
Proposition 2.6. Let (X, f) be a system with the strict approximate product prop-
erty. If (X, f) is uniquely ergodic then it is minimal.
Proof. The idea of the proof is similar to the proof of [23, Theorem 4.1].
Assume that (X, f) is not minimal and it has the strict approximate product
property. We shall show that (X, f) is not uniquely ergodic.
As the system is not minimal, there are x, x′ ∈ X and γ > 0 such that
d (fn(x), x′) ≥ γ for every n ∈ N.
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We fix ε ∈ (0, γ3 ). Take a continuous function ϕ : X → R such that
ϕ(y) = 1 for every y ∈ B(x′, ε);
ϕ(y) = 0 for every y /∈ B(x′, 2ε);
0 < ϕ(y) < 1 otherwise.
Then we have
lim
n→∞
1
n
n−1∑
k=0
ϕ
(
fk(x)
)
= 0. (3)
Now we fix δ := 1 and consider the sequence C = {x′}Z
+
. As (X, f) has the
strict approximate product property, there are m ∈ Z+, a sequence G := {tk}k∈Z+
with maxG ≤ 1 + δm and z ∈ X such that
(
C , {m}Z
+
,G
)
is (0, ε)-traced by z.
Let sk := sk
(
{m}Z
+
,G
)
for each k as in (2). Then we must have
f sk(z) ∈ B(x′, ε) and sk ≤ (k − 1)(m+ 1 + δm− 1) ≤ 2(k − 1)m for each k.
This yields that
lim sup
n→∞
1
n
n−1∑
k=0
ϕ
(
fk(z)
)
≥ lim sup
k→∞
1
sk
k−1∑
j=1
ϕ
(
f tj (z)
)
= lim sup
k→∞
k − 1
sk
≥
1
2m
> 0.
(4)
Equations (3) and (4) imply that ϕ does not converge pointwise to a constant.
Hence (X, f) is not uniquely ergodic. 
Definition 2.7. We say that the system (X, f) have the periodic exact specification
property, if for every ε > 0, there is a nonnegative integer M = M(ε) such that for
every finite sequence C = {xk}
n
k=1 in X and every finite sequence S = {mk}
n
k=1
of positive integers, there is z ∈ X such that (C ,S , {M + 1}n) is (0, ε)-traced by
z and
f s(z) = z for s :=
n∑
i=1
(mk +M).
We say that the system (X, f) have the exact specification property if the tracing
point z in Definition 2.7 is not necessarily a periodic point. It is clear that the
periodic exact specification property implies the exact specification property, whose
relations with other specification-like properties are illustrated in Figure 1. It is
shown in [3] and [6] that a continuous interval map (I, f) has the periodic exact
specification property if and only if the map is topologically mixing.
3. Proof of Theorem 1.2
3.1. Sufficiency. In this subsection we prove the ‘if’ part of Theorem 1.2. Let
(X, f) be a system with the approximate product property that is not uniquely
ergodic. We shall show that (X, f) has positive topological entropy.
Let µ1, µ2 be two distinct ergodic measures for (X, f). Let
µ3 :=
2µ1 + µ2
3
, µ4 :=
µ1 + 2µ2
3
and η :=
D(µ1, µ2)
7
.
Then
D(µi, µj) > 2η for 1 ≤ i < j ≤ 4. (5)
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By Proposition 2.3, there are compact invariant sets Λ1, Λ2, Λ3 and Λ4 such that
for each i = 1, 2, 3, 4 and for every invariant measure ν supported on Λi, we have
D(ν, µi) < η.
This implies that
Λi ∩ Λj = ∅ for 1 ≤ i < j ≤ 4.
Otherwise, if Λi ∩Λj 6= ∅ then Λi ∩Λj supports an invariant measure ν∗ and hence
D(µi, µj) ≤ D(µi, ν
∗) +D(µj , ν
∗) < 2η,
which contradicts with (5).
By compactness, we have
d∗(Λi,Λj) := min {d(x, y) : x ∈ Λi, y ∈ Λj} > 0 for 1 ≤ i < j ≤ 4.
Denote
γ :=
1
4
min {d∗(Λi,Λj) : 1 ≤ i < j ≤ 4} .
For each i = 1, 2, 3, 4, we fix a point yi ∈ Λi. Then for 1 ≤ i < j ≤ 4 and every
m,n ∈ Z+, we have
d (fm(yi), f
n(yj)) ≥ 4γ. (6)
For each ξ = {ξ(k)}∞k=1 ∈ {1, 2}
Z
+
, denote Cξ := {xk(ξ)}∞k=1 such that
x2k−1(ξ) = y2ξ(k)−1 and x2k(ξ) = y2ξ(k). (7)
We fix
δ ∈ (0,
1
10
) and m > M(δ, δ, γ),
where M(δ, δ, γ) is the constant obtained from the approximate product property
as in Definition 2.2. For each ξ ∈ {1, 2}Z
+
, we can find Gξ = {tk(ξ)}∞k=1 with
maxG ≤ 1 + δm and zξ ∈ X such that
(
Cξ, {m}Z
+
,Gξ
)
is (δ, γ)-traced by zξ.
Denote sk(ξ) := sk
(
{m}Z
+
,Gξ
)
as in (2) for each k.
Lemma 3.1. If there is n ∈ {1, · · · , N} such that ξ(n) 6= ξ′(n), then zξ and zξ′
are ((1 + δ)nm, γ)-separated.
Proof. The proof splits into two cases.
Case 1. Suppose that
r := |sn(ξ)− sn(ξ
′)| ≤ 4δm.
We may assume that sn(ξ) > sn(ξ
′). By the tracing property, there are A,A′ ∈ Zm
such that
|A|, |A′| ≥ (1− δ)m,
d
(
f sn(ξ)+j(zξ), f
j (xn(ξ))
)
≤ γ for each j ∈ A
and
d
(
f sn(ξ
′)+j(zξ′), f
j (xn(ξ
′))
)
≤ γ for each j ∈ A′.
Then we must have
|(r +A) ∩ A′| ≥ |r +A|+ |A′| − |r + Zm| ≥ (1− 6δ)m > 0.
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For l ∈ (r +A) ∩ A′, by (6), we have
d
(
f sn(ξ
′)+l(zξ), f
sn(ξ
′)+l(zξ′)
)
≥ d
(
f l−r (xn(ξ)) , f
l (xn(ξ
′))
)
− d
(
f sn(ξ)+(l−r)(zξ), f
l−r (xn(ξ))
)
− d
(
f sn(ξ
′)+l(zξ′), f
l (xn(ξ
′))
)
≥ 4γ − γ − γ > γ.
Moreover, we have
sn(ξ
′) + l ≤
n−1∑
k=1
(m+ tk(ξ
′)− 1) +m ≤ (1 + δ)nm.
So zξ and zξ′ are ((1 + δ)nm, γ)-separated.
Case 2. Suppose that τ is the smallest positive integer such that
τ ≤ n and |sτ (ξ) − sτ (ξ
′)| > 4δm.
Then we have τ > 1 and
|sτ−1(ξ)− sτ−1(ξ
′)| ≤ 4δm.
We may assume that sτ (ξ) > sτ (ξ
′). Then we have
sτ (ξ)− sτ (ξ
′) = sτ−1(ξ) + (m+ tτ−1(ξ)− 1)− sτ−1(ξ
′)− (m+ tτ−1(ξ
′)− 1)
≤ sτ−1(ξ)− sτ−1(ξ
′) + (1 + δm)− 1
≤ 5δm. (8)
This yields that
r := sτ+1(ξ
′)− sτ (ξ) = sτ (ξ
′) + (m+ tτ (ξ
′)− 1)− sτ (ξ) ≤ (1− 3δ)m
and by (8) we have
r ≥ m− (sτ (ξ)− sτ (ξ
′)) ≥ (1− 5δ)m > 0.
By the tracing property, there are A,A′ ∈ Zm such that
|A|, |A′| ≥ (1− δ)m,
d
(
f sτ (ξ)+j(zξ), f
j (xτ (ξ))
)
≤ γ for each j ∈ A
and
d
(
f sτ+1(ξ
′)+j(zξ′), f
j (xτ+1(ξ
′))
)
≤ γ for each j ∈ A′.
Then we must have
|(r +A) ∩ A′| ≥ |r +A|+ |A′| − |r + Zm| ≥ δm > 0.
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Note that by our construction (7), we must have xτ (ξ) 6= xτ+1(ξ′). For l ∈ (r +
A) ∩A′, by (6), we have
d
(
f sτ (ξ)+l(zξ), f
sτ (ξ)+l(zξ′)
)
≥ d
(
f l (xτ (ξ)) , f
l−r (xτ+1(ξ
′))
)
− d
(
f sτ (ξ)+l(zξ), f
l (xτ (ξ))
)
− d
(
f tτ+1(ξ
′)+(l−r)(zξ′), f
l−r (xτ+1(ξ
′))
)
≥ 4γ − γ − γ > γ.
Moreover, we have
sτ (ξ) + l ≤
τ−1∑
k=1
(m+ tk(ξ
′)− 1) +m ≤ (1 + δ)nm.
So zξ and zξ′ are ((1 + δ)nm, γ)-separated. 
By Lemma 3.1, for each n, there is a ((1 + δ)nm, γ)-separated set whose cardi-
nality is 2n. This yields that
h(f) ≥ lim sup
n→∞
ln 2n
(1 + δ)nm
=
ln 2
(1 + δ)m
> 0.
3.2. Necessity. In this subsection we prove the ‘only if’ part of Theorem 1.2.
Suppose that (X, f) is a system with the approximate product property and positive
topological entropy h(f) > 0. We shall show that such a system has more than one
ergodic measures. Compared with the results in [27], in what follows we do not
assume that the system is asymptotically entropy expansive.
By Proposition 2.3, for each k, there is a compact invariant set Λk such that
h(Λk, f,
1
k
) := lim sup
n→∞
ln s(Λk, n,
1
k
)
n
<
1
k
, (9)
where s(Λk, n,
1
k
) denotes the maximal cardinality of (n, 1
k
)-separated subsets of
Λk. Denote
Γk :=
k⋂
j=1
Λj for each k.
Then for each k, Γk is also compact and f -invariant.
There are two cases to consider:
(1) Suppose that there is k such that Γk ∩ Λk+1 = ∅. Then there are two
distinct ergodic measures that are supported on Γk and Λk+1, respectively.
Then (X, f) is not uniquely ergodic.
(2) Suppose that Γk ∩ Λk+1 6= ∅ for all k. In this case we have a nonempty
invariant compact set
Γ :=
∞⋂
k=1
Γk =
∞⋂
k=1
Λk.
By (9), we have
h(Γ, f,
1
k
) ≤ h(Λk, f,
1
k
) <
1
k
for all k.
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This implies that
h(Γ, f) = lim
k→∞
h(Γ, f,
1
k
) = 0.
and hence Γ supports an ergodic measure of zero entropy. However, as
h(f) > 0, the system (X, f) must have ergodic measures of positive entropy.
This completes the proof.
4. Examples
Example 4.1. According to [16], there is a class of zero-entropy C∞ interval maps
such that each map in the class has periodic points of period 2n for any n ∈ Z+
and is chaotic in the sense of Li-Yorke. Theorem 1.2 implies that these maps do
not have the approximate product property.
Example 4.2. In [9], a minimal subshift is constructed as the first example of
strictly ergodic system with positive topological entropy, which gives a negative
answer to Parry’s question. In [2], it is shown that strictly ergodic homeomorphisms
with positive topological entropies can be constructed on every compact manifold
whose dimension is at least 2 and that carries a strictly ergodic homeomorphism.
By Theorem 1.2, these systems do not have the approximate product property.
Example 4.3. By [13, Theorem 7.1] and [27, Example 9.6], there is X1 ⊂ {0, 1}
N
such that
1
n
max{|{m ≤ k < m+ n : wk = 1}| : m ∈ N}
converges uniformly to zero for every {wk}k∈N ∈ X1. Consider the subshift σ on
X1. Then for every sequence C in X1, every δ2, ε > 0, there is M ∈ Z+ such
that for every n > M ,
(
C , {n}Z
+
, {1}Z
+
)
is (δ2, ε)-traced by the fixed point {0}N.
The subshift (X1, σ) has the approximate product property and zero topological
entropy. It is topologically mixing but not minimal. We remark that by Theorem
1.3, this subshift does not have the strict approximate product property.
Such subshifts can be modified to obtain a non-transitive system with the ap-
proximate product property. See [27, Example 9.7].
Example 4.4. In [10], Herman constructed a family of C∞ diffeomorphisms F =
{Fα : α ∈ T1} on X = T1 × SL(2,R)/Γ, where T1 = [0, 1]/ ∼ is the unit circle and
Γ is a cocompact discrete subgroup of SL(2,R). For each α ∈ T1,
Fα(θ, gΓ) = (Rα(θ), Aθ(gΓ))
is a skew product, where Rα(θ) = θ + α is the rotation on T
1,
Aθ(gΓ) =
(
cos 2piθ − sin 2piθ
sin 2piθ cos 2piθ
)(
λ 0
0 1/λ
)
gΓ for each gΓ ∈ SL(2,R)/Γ
and λ > 1 is a fixed real number. Herman showed in [10] that h(Fα) > 0 for every
α ∈ T1 and there is dense Gδ subset W ∈ T1 such that Fα is minimal for every
α ∈W .
By Proposition 2.5, the approximate product property does not hold for Fα as
long as α ∈W . We doubt if it holds for any element Fα in the family F .
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5. Periodic Points and Unique Ergodicity
5.1. Systems with Fixed Points. We perceive that Example 4.3 exhibits a more
general phenomenon, which may be regarded as a flaw that appears naturally with
the way we define the approximate product property, where we allow mistakes in
the tracing property (1).
Proposition 5.1. Let (X, f) be a system with a fixed point p ∈ X. Then (X, f) has
the approximate product property and zero topological entropy if and only if (X, f)
is uniquely ergodic, i.e. The Dirac measure on {p} is the unique ergodic measure
for (X, f).
Proof. The ’only if’ part is a corollary of Theorem 1.2. Now we assume that δp is
the unique ergodic measure for (X, f). By the Variational Principle, we must have
h(f) = hδp(f) = 0. We need to show that (X, f) has the approximate product
property. In fact, every sequence can be traced by the orbit of the fixed point p.
This is analogous to the situation in Example 4.3.
Let ε > 0. There is a continuous function ϕ : X → R such that
ϕ(x) = 0 for x = p;
ϕ(x) = 1 for every x /∈ B(p, ε);
0 < ϕ(x) < 1 otherwise.
As (X, f) is uniquely ergodic, we have that
1
n
n−1∑
j=0
ϕ(f j(x))→
1
n
n−1∑
j=0
ϕ(f j(p)) = 0 uniformly.
Then for every δ2 > 0, there is M ∈ Z+ such that
1
n
n−1∑
j=0
ϕ(f j(x)) < δ2 for every n > M and every x ∈ X.
This implies that ∣∣{j ∈ Zn : d(f j(x), p) > ε}∣∣ < δ2n.
Then for every sequence C in X , we have that (C , {n}Z
+
, {1}Z
+
) can be (δ2, ε)-
traced by the fixed point p. Hence (X, f) has the approximate product property. 
Remark. The proof of Proposition 5.1 in fact shows that (X, f) has the almost
specification property if it has a unique ergodic measure supported on a fixed point.
Theorem 1.4 can be verified as a corollary of Proposition 5.1 and the following
fact, which holds generally for systems with the approximate product property.
Proposition 5.2. Suppose that there is a positive integer N such that (X, fN ) is
a system with the approximate product property. Then so is (X, f).
Proof. Suppose that we are given δ1, δ2, ε > 0. By continuity, there is γ > 0 such
that
d(f j(x), f j(y)) < ε for every j ∈ ZN , whenever d(x, y) < γ. (10)
As (X, fN) has the approximate product property, there is M = M( δ12 ,
δ2
2 , γ)
as in Definition 2.2 such that for every n > M and every sequence C in X ,
there are an sequence G = {tk}k∈Z+ with maxG ≤ 1 +
δ1n
2 and z ∈ X such
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that
(
C , {n}Z
+
,G
)
is ( δ22 , ε, γ)-traced by z under f
N . By (10), this implies that(
C , {nN}Z
+
, {1 +N(tk − 1)}k∈Z+
)
is ( δ22 , ε)-traced by z under f .
Let
T > max
{
M, 1 +
2
δ1
, 2
}
. (11)
For every n > TN , we can write n = mN + l such that m ≥ T and 0 ≤
l < N . Suppose that we have G = {tk}k∈Z+ with maxG ≤ 1 +
δ1(m+1)
2 and(
C , {(m+ 1)N}Z
+
, {1 +N(tk − 1)}k∈Z+
)
is ( δ22 , ε)-traced by z under f . By (11),
we have
1 +N(tk − 1) + (N − l) ≤ 1 +
δ1(m+ 1)N
2
+N < 1 + δ1n
for each k and
δ2
2
(m+ 1)N < δ2mN ≤ δ2n.
These bounds guarantee that the gap G ′ = {1+N(tk − 1) + (N − l)}k∈Z+ satisfies
maxG ′ ≤ 1 + δ1n and
(
C , {n}Z
+
,G ′
)
is (δ2, ε)-traced by z under f . Hence (X, f)
also has the approximate product property. 
5.2. Interval Maps. Let I be a closed interval. We know that every continuous
interval map must have a fixed point and hence is not minimal. By Theorem
1.3, there is no continuous interval map that has the strict approximate product
property and zero topological entropy.
Now we would like to prove Theorem 1.5. Suppose that f : I → I is a continuous
map on the interval I. As f has a fixed point in I, the ‘if’ part of Theorem 1.5 is
a corollary of Proposition 5.1.
Suppose that (I, f) has the approximate product property and zero topological
entropy. By Theorem 1.4, (I, f) has a unique ergodic measure which is supported
on a unique fixed point p ∈ I and (I, f) has no other periodic points. The following
fact completes the proof of Theorem 1.5.
Proposition 5.3. Let p be a fixed point of a continuous interval map (I, f). Sup-
pose that (I, f) has no other periodic points. Then p is attracting.
We remark that in general, as exhibited in Example 4.3, the unique fixed point
of a uniquely ergodic system is not necessarily attracting. We shall give a proof of
Proposition 5.3 for completeness. It is well-known that a continuous map f : R→ R
has a fixed point in an interval J if f(J) ⊃ J . We shall use this fact and the Darboux
property that f([a, b]) ⊃ [f(a), f(b)] constantly without reference.
Suppose that the assumptions of Proposition 5.3 holds. Let x ∈ I and x 6= p.
To prove Proposition 5.3 we need to show that fn(x)→ p as n→∞.
Lemma 5.4. If x < p then fn(x) > x for every n ∈ Z+. If x > p then fn(x) < x
for every n ∈ Z+.
Proof. We give the proof for the case that x < p. The proof of the other case is
analogous. As x is not a periodic point, we have fn(x) 6= x for all n. Suppose that
there is n ∈ Z+ such that fn(x) < x. We shall show that this leads to the existence
of another periodic point of f .
There are two cases to consider:
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(1) Suppose that there is m ∈ Z+ such that fmn(x) < x < f (m+1)n(x).
If fmn(x) < fn(x), then we have
fmn([fn(x), x]) ⊃ [fmn(x), f (m+1)n(x)] ⊃ [fn(x), x],
hence there is an mn-periodic point in [fn(x), x] that is different from p.
Otherwise it holds that fn(x) ≤ fmn(x). In this case we have
fn([fmn(x), x]) ⊃ [fn(x), f (m+1)n(x)] ⊃ [fmn(x), x],
hence there is an n-periodic point in [fmn(x), x] that is different from p.
(2) Suppose that fmn(x) < x for every m ∈ Z+. Let
a := inf{fmn(x) : m ∈ Z+} ∈ I.
Then we must have fn(a) ≥ a. But fn(x) < x. By the Intermediate Value
Theorem, there is a fixed point of f in the interval [a, x] that is different
from p.

Proof of Proposition 5.3. Let x ∈ I and x 6= p. If there is fN (x) = p for some N
then fn(x) = p for all n > N .
Suppose that fn(x) 6= p for all n. There is a decomposition N = N1 ∪ N2 such
that {
fn(x) < p, for n ∈ N1;
fn(x) > p, for n ∈ N2.
The proof splits into two cases:
(1) Suppose that N2 is finite. Then there is N such that n ∈ N1 for all n ≥ N .
By Lemma 5.4, {fn(x)}∞n=N is an increasing sequence with an upper bound
p. Hence it converges to some q ∈ I. Then
f(q) = f
(
lim
n→∞
fn(x)
)
= lim
n→∞
fn+1(x) = q.
As p is the unique fixed point, we must have q = p and hence fn(x) → p
as n→∞. Analogous argument works for case that N1 is finite.
(2) Suppose that both N1 and N2 are infinite. Arrange the elements of N1 in
a strictly increasing sequence {nk}∞k=1 and the elements of N2 in a strictly
increasing sequence {n′k}
∞
k=1. By Lemma 5.4, {f
nk(x)}∞k=1 is an increasing
sequence with an upper bound p and {fn
′
k(x)}∞k=1 is an decreasing sequence
with a lower bound p. Then there are q1, q2 ∈ I such that
lim
nk→∞
fnk(x) = q1 and lim
n′
k
→∞
fn
′
k(x) = q2.
We see that q1, q2 are exactly all the subsequential limits of the sequence
{fn(x)}∞n=1. So we must have f({q1, q2}) ⊂ {q1, q2}. There are three sub-
cases:
(a) If q1 = q2 = p then we have f
n(x)→ p as n→∞.
(b) If q1 6= p and q2 6= p. As p is the unique fixed point, we have f(q1) 6= q1
and f(q2) 6= q2. This yields that f(q1) = q2 and f(q2) = q1. Then
q1, q2 are 2-periodic points, which is a contraction.
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(c) Without loss of generality, we may assume that q1 6= p and q2 = p.
Then f(q1) = q2 = p. As f is continuous, there is δ > 0 such that
|f(y)− p| < |q1 − p| for every y ∈ B(p, δ). (12)
As fn
′
k(x) → p, there is N ∈ N2 such that p < f
N (x) < p + δ. By
(12), we have |fN+1(x)− p| < |q1 − p|. But fnk(x) ≤ q1 < p for every
nk ∈ N1. This implies that N + 1 ∈ N2 and hence by Lemma 5.4 we
have
p < fN+1(x) < fN (x) < p+ δ.
Analogous argument shows that
p < fN+2(x) < fN+1(x) < p+ δ.
Hence by induction we have n ∈ N2 for every n ≥ N , which contradicts
with the assumption that N1 is infinite.

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